Abstract. Motivated by applications to signal processing and mathematical physics, recent work on the concept of time-varying bandwidth has produced a class of function spaces which generalize the Paley-Wiener spaces of bandlimited functions: any regular simple symmetric linear transformation with deficiency indices (1, 1) is naturally represented as multiplication by the independent variable in one of these spaces. We explicitly demonstrate the equivalence of this model for such linear transformations to several other functional models based on the theories of meromorphic model spaces of Hardy space and purely atomic Herglotz measures on the real line, respectively. This theory provides a precise notion of a time-varying or local bandwidth, and we describe how it may be applied to construct signal processing techniques that are adapted to signals obeying a time-varying bandlimit.
Introduction
Information theory distinguishes between continuous and discrete forms of information; e.g. music signals on one hand and discrete sets of symbols on the other. The crucial bridge between continuous and discrete is provided by Shannon sampling theory and its generalizations [1, 2, 3, 4] . For example, a raw, continuous audio signal, f raw (t), is a pressure-valued function of time. In order to record all the information required to reconstruct f raw perfectly, it would appear to be necessary to record its amplitudes at all (uncountably many) points in time, and this is unfeasible. In signal processing, this problem is overcome by applying the fact that the average human ear is incapable of sensing frequencies above 22kHz [5, pg.163] . It follows that the audio signal f raw can be low pass filtered accordingly to obtain a signal f (t) which contains no frequencies greater in magnitude than A = 22kHz. The filtered signal is said to be A−bandlimited, the positive number A is called the bandlimit, and the subspace B(A) := F −1 L 2 [−A, A] ⊂ L 2 (R) (F denotes Fourier transform) is called the Paley-Wiener space of A-bandlimited functions. As Shannon pointed out, this filtering has a tremendous benefit: In order to record and later reconstruct any such filtered signal, it suffices to record the signal's amplitudes or samples {f (t n )} at a discrete set of sample times {t n } with spacing t n+1 − t n = π/A, the so-called Nyquist spacing. Any such discrete set can be arranged in strictly increasing order and there is a one-parameter family of such sequences of sample points, or 1 sampling sequences t n (ϑ) := (n + ϑ) π A ; ϑ ∈ [0, 1). For a fixed choice of ϑ, the samples {f (t n (ϑ))} then completely determine and represent the A−bandlimited function f . Indeed, the celebrated Shannon sampling formula can be used to reconstruct f perfectly (in theory) from these discrete values:
sin (A(t − t n (ϑ)) A(t − t n (ϑ)) ; t n (ϑ) := (n + ϑ) π A , ϑ ∈ [0, 1).
This key reconstruction property is applied ubiquitously in signal processing to discretize and later reconstruct audio or video signals [2, 3, 4] . In practical applications, the bandlimit A is necessarily the largest frequency that occurs in the set of signals considered. The larger the value of A, the smaller the spacing π/A of the sample times at which the samples need to be recorded. Even if a given signal appears to have low 'bandwidth' for most of its duration, and to be a linear combination of a wide range of frequencies for only a short time interval, the samples need to be taken at a high rate for all time in order to apply the Shannon sampling formula. This is intuitively inefficient and motivates the extension of signal processing methods such as filtering, sampling and reconstruction to the setting of timevarying bandwidth. What exactly, however, is a time-varying bandlimit? The traditional notion of bandlimit is determined by the Fourier transform of the entire signal and hence is non-local, it depends on the signal's global behaviour. This makes it difficult to make the concept of a timevarying bandlimit precise. For several approaches in the literature, see, for example, [6, 7, 8, 9, 10, 11] .
Our definition of time-varying bandlimit (Definition 3.21) is based on the observation that, in conventional Shannon sampling theory, the constant bandlimit A is inversely proportional to the constant spacing π/A of the standard Nyquist sampling sequences. We then identify the sample points in each of these sampling sequences (t n (ϑ) = (n + ϑ) π A ) for ϑ ∈ [0, 1), appearing in the Shannon sampling formula, with the simple eigenvalues of a self-adjoint operator Z ϑ . We further observe that the family {Z ϑ | ϑ ∈ [0, 1)} is the one-parameter family of self-adjoint extensions of a single symmetric linear transformation Z which acts as multiplication by the independent variable on a dense domain in B(A) (and which is simple, regular and has deficiency indices (1, 1), we will recall these basic definitions in Subsection 1.2) [12, 13] . One can combine the spectra of these selfadjoint extensions to define a smooth, strictly increasing bijection on the real line, t(n+ϑ) := t n (ϑ). If γ denotes the compositional inverse of t, we observe that
is the bandlimit. The derivative γ ′ (t) is then a measure of the local density of the sampling sequences (t n (ϑ)) near the point t, and it is proportional to the constant bandlimit in the case of Shannon sampling.
Crucially, the spectra of the self-adjoint extensions of such a symmetric operator, T , need not be equidistant. It is possible, therefore, to straightforwardly generalize Shannon sampling theory using the representation theory of regular simple symmetric linear transformations with defect indices (1, 1) (we will review the definitions in Subsection 1.2). We will develop this theory to show that any such symmetric T is unitarily equivalent to multiplication by the independent variable in a local bandlimit space, K(T ), a Hilbert space of functions on R with the same special reconstruction properties as the Paley-Wiener spaces, B(A), of A−bandlimited functions. Namely, we will prove that any f ∈ K(T ) can be reconstructed from its samples taken on any sampling sequence (t n (θ)), θ ∈ [0, 1), where the t n (θ) are the simple eigenvalues of a self-adjoint extension, T θ , of T (see Theorem 2.24) . The local density of the sampling sequences (t n (θ)) will then provide a natural notion of time-varying bandlimit that recovers the classical definition in the case where K(T ) = B(A) (Example 2.28, and Subsection 3.20).
The goal of this paper is two-fold. Our first aim is to apply the spectral theory of regular simple symmetric linear transformations, T , with indices (1, 1) to construct the local bandlimit spaces K(T ) as introduced in [12, 13, 14] , and to demonstrate that these spaces obey Shannontype sampling formulas. We will further show that T is unitarily equivalent to the operator of multiplication by the independent variable in K(T ), and that K(T ) can be embedded isometrically in measure spaces L 2 (R, dλ), for a class of positive measures λ which are equivalent to Lebesgue measure (Theorem 2.24). We then develop equivalent representations of such T as multiplication by the independent variable in (a) meromorphic model subspaces of Hardy space, and (b) L 2 spaces of functions square integrable with respect to purely atomic Herglotz measures on R whose atoms have no finite accumulation point [15, 16, 17, 18, 19, 20, 21, 22, 23] . Connecting these theories will provide powerful new tools for studying local bandlimit spaces. In particular, this will yield a precise notion of time-varying bandlimit. Our second aim is to apply these results to develop more efficient signal processing techniques that are adapted to time-varying bandwidths. Namely, we extend concepts and concrete tools related to filtering, sampling and reconstruction to the time-varying setting.
1.1. Outline. Let S R denote the family of closed regular simple symmetric linear transformations with deficiency indices (1, 1) defined on a domain in some separable Hilbert space. If T ∈ S R is defined in H, we write T ∈ S R (H). We will recall the definition of these terms, and of self-adjoint extensions of symmetric linear transformations in the upcoming Subsection 1.2.
Section 2 presents the theory of function spaces obeying a time-varying bandlimit as developed in [12, 13] . This is an abstract functional analytic approach to the representation theory of S R . We begin with a spectral characterization of S R in Theorem 2.8. This theorem shows that there is a natural (and essentially bijective) correspondence between symmetric linear T ∈ S R , and what we call bandlimit pairs of real sequences (t, t ′ ); t = (t n ), t ′ = (t ′ n ) (Definition 2.1). Given any bandlimit pair of sequences (t, t ′ ), Theorem 2.8 shows that there is a symmetric T ∈ S R so that the real sequence t consists of the simple (multiplicity one) eigenvalues of a self-adjoint extension, T 0 , of T . Moreover the spectra of the entire (one-parameter) family of self-adjoint extensions of T can be combined to construct a smooth, strictly increasing function on R, the spectral function, t, of T (Definition 2.5) so that t n = t(n) and, up to a fixed constant, t ′ n ≃ t ′ (n) > 0 (Lemma 2.19). Given any initial bandlimit pair of sequences (t, t ′ ) and corresponding symmetric T ∈ S R , Proposition 2.18 constructs a smooth positive kernel function K T : R × R → R. By classical reproducing kernel Hilbert space (RKHS) theory (see Subsection 1.5), there is a unique RKHS K(T ) = K(t, t ′ ) of functions on R which has K T as its reproducing kernel. We call this space a local bandlimit space or a sampling space. As part of Theorem 2.24, we prove:
, where τ = t −1 , the compositional inverse of the spectral function of T . Any f ∈ K(T ) obeys the sampling formulas:
As before, t denotes the spectral function of T , and t n (0) = t(n) = t n . This theorem shows that the spaces K(T ) all have the same special reconstruction properties as the Paley-Wiener spaces of bandlimited functions: there is a one-parameter family of sampling sequences t θ := (t n (θ)) (which cover the real line exactly once, see Lemma 2.2), so that any f ∈ K(T ) can be reconstructed perfectly from its samples taken on t θ . Theorem 2.24 further shows that T is unitarily equivalent to an operator M T ∈ S R (K(T )) which acts as multiplication by the independent variable on its domain. This is one natural functional model for elements of S R , and it provides a natural definition of a time-varying low-pass filter as the orthogonal projection of a raw signal onto a local bandlimit space (Definition 2.27). We show that the classical Paley-Wiener spaces are a special case of local bandlimit spaces in Example 2.28.
The overall goal of the remaining sections is to connect the theory of the local bandlimit spaces K(T ) to the classical theory of Hardy spaces of analytic functions in the upper half-plane, as well as to the spectral theory of self-adjoint multiplication operators on L 2 spaces associated to purely atomic measures on R. These theories will provide valuable new tools and insights that will lead to a natural definition of time-varying bandlimit (Definition 3.21), and will enable us to calculate any sampling sequence t θ from the knowledge of an initial bandlimit pair of sequences (t, t ′ ). It is necessary to know these sequences in order to apply the above sampling formulas for the local bandlimit space K(T ).
Section 3 develops the representation theory of T ∈ S R as multiplication by z in a meromorphic model subspace of the Hardy space H 2 (C + ) of the upper half-plane [19, 22] . We also review the Livšic characteristic function Θ T of any T ∈ S R , a complete unitary invariant for S R (Subsection 3.12). This is a meromorphic inner function, i.e. a bounded analytic function on C + which has a meromorphic extension to the whole complex plane and has unit modulus on the real axis. Corollary 3.18 will show that the sampling sequences t θ := (t n (θ)) are the solutions to Θ T (t n (θ)) = e i2πθ , and this will provide one method of calculating the entire family of sampling sequences t θ ; θ ∈ [0, 1) given an initial bandlimit pair of sequences (t, t ′ ). Theorem 4.8 will connect the theory of local bandlimit spaces to the theory of meromorphic model spaces of Hardy space (as well as to deBranges spaces of entire functions) by showing that any local bandlimit space, K(T ), is the image of the meromorphic model space, K(Θ T ) := H 2 (C + ) ⊖ Θ T H 2 (C + ), under multiplication by a fixed function M (t), and that this multiplication defines an onto isometry. It will follow, in particular, that elements of our local bandlimit spaces are, up to multiplication by a fixed function, meromorphic (in fact entire). Subsection 3.20 applies the theory of automorphisms of the unit disk to motivate and construct our definition of time-varying bandlimit, Definition 3.21. Section 4 develops a third class of models (or representations) for S R as multiplication by the independent variable in a measure space L 2 (R, Γ), where Γ is a purely atomic positive measure whose atoms have no finite accumulation point (this is Theorem 4.4). We apply this model to compute formulas for the Livšic characteristic function of any T ∈ S R in terms of any of the sampling sequences t θ = (t n (θ)), θ ∈ [0, 1) associated to the self-adjoint extensions T θ of T , see Corollary 4.14. While the Aleksandrov-Clark measure representation of any contractive analytic function on C + is well-known, our identification of the weights of the purely atomic AleksandrovClark measures for the meromorphic inner Livšic function Θ T of T ∈ S R with the derivatives of the spectral function of T may be novel. In Corollary 4.16 we show that the spectral function t is the unique solution to a first order ordinary differential equation obeying a certain initial condition. Given a local bandlimit space K(t, t ′ ) = K(T ), both Corollary 4.14 and Corollary 4.16 provide formulas for computing the sampling sequences t θ = (t n (θ)) from the knowledge of the initial bandlimit pair (t, t ′ ). The deficiency indices, (n + , n − ) of T are defined as
We will use the notation S to denote the family of all closed simple symmetric linear transformations with equal indices (1, 1) defined on a domain in some separable Hilbert space. S R will denote the subfamily of all closed regular simple symmetric transformations with indices (1, 1) and similarly we define S(H), S R (H). Note that any symmetric T always has a minimal closed extension, so there is no loss of generality in assuming that T is closed [24] . We will call T a symmetric operator if and only if T is densely defined.
Consider the map
with compositional inverse Moreover b is a bijection of the real line R onto T \ {1}, the unit circle minus a point.
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Let V denote the family of all completely non-unitary (c.n.u.) partial isometries with deficiency indices (1, 1) acting on a separable Hilbert space. Here the defect or deficiency indices of a partial isometry V are defined by n + := dim (Ker(V )) and n − := dim Ran (V )
⊥ . As shown in several standard texts [24, 25] , the map T → b(T ) defines a bijection of S n (closed simple symmetric linear transformations with indices (n, n)) onto V n . Namely, given any T ∈ S n one can define b(T ) as an isometric linear transformation from Ran (T + i) onto Ran (T − i). We can then view V = b(T ) as a partial isometry on H with initial space Ker(V ) ⊥ = Ran (T + i). Conversely given any V ∈ V n , one can define b −1 (V ) = T on the domain Ran ((V − I)V * V ), and then T ∈ S n and T = b −1 (b(T )).
One can construct a U(1) parameter family of unitary extensions of V as follows. Fix vectors φ ± of equal norm such that
and
where T is the unit circle in the complex plane. The set of all U (α) (or U θ ) is the one-parameter family of all unitary extensions of V on H. The U (α) extend V in the sense that U (α)V * V = V for all α ∈ T, they agree with V on its initial space. We write V ⊆ U (α) to denote that U (α) extends V in this way. Similarly, the subset notation T ⊂ S for closed linear transformations T, S denotes that Dom(T ) ⊂ Dom(S) and S| Dom(T ) = T , i.e. S is an extension of T . We then define
The functional calculus implies that each T (α) is a densely defined self-adjoint operator if and only if 1 is not an eigenvalue of U (α), and the set of all T (α) (for which this expression is defined) is the set of all self-adjoint extensions of T . Note the assumption that V be c.n.u. implies that 1 is an eigenvalue to at most one U (α).
1.5. Reproducing kernel Hilbert Spaces. We will use basic reproducing kernel Hilbert space theory throughout this paper [26] .
Recall that a reproducing kernel Hilbert space (RKHS), K, on some set X ⊂ C is a Hilbert space of functions on X with the property that point evaluation at any x ∈ X defines a bounded linear functional, δ x , on K. By the Riesz representation lemma, for any x ∈ X there is a unique point evaluation vector K x ∈ K so that for any F ∈ K,
(All inner products are assumed to be conjugate linear in the first argument.) The reproducing kernel of K is the function K : X × X → C defined by:
and one usually writes H(K) := K. This reproducing kernel, K, is a positive kernel function on X × X, i.e., it has the property that for any finite set {x k } N k=1 ⊂ X, the N × N matrix:
is non-negative. The classical theory of RKHS of Aronszajn and Moore (see e.g. [26] ) shows that there is a bijective correspondence between positive kernel functions K on X × X and RKHS H(K) on X. That is, given any positive kernel function K, one can construct a RKHS H(K) which has K as its reproducing kernel.
1.6. Multipliers between RKHS. Let H(k), H(K) be two RKHS of C-valued functions on some set X with reproducing kernel functions k, K, respectively. A function
That is, F is a multiplier if and only if multiplication by F ,
is closed in the weak operator topology. The following elementary facts about multipliers will be useful (see, e.g. [23, 22, 26] ):
is a multiplication map if and only if there is a function m : X → C so that Consider the case where X ⊆ C, and assume that H(k), H(K) are such that k z , K z = 0 for any z ∈ X. Further suppose that there are linear transformations Z k ∈ S(H(k)), Z K ∈ S(H(K)) which act as multiplication by the independent variable z. As in the case of bounded multipliers, it is easy to check that one always has
Definition 1.10. Throughout this paper, a model for T ∈ S is a pair (T , H), with H a separable (or finite dimensional) Hilbert space andT ∈ S(H), so that T is unitariliy equivalent toT . A model (T , H) will be called a functional model for T ∈ S if H = H(k) is a reproducing kernel Hilbert space of functions on X ⊆ C with R ⊆ X andT = Z k ∈ S(H(k)) acts as multiplication by the independent variable z on its domain.
The above lemmas imply:
, and (Z K , H(K)) are two functional models for T ∈ S, then they are equivalent: there is a unitary multiplier M :
If one of the self-adjoint extensions, Z ′ k of Z k has spectrum equal to the closure of a discrete set of eigenvalues of multiplicity one, σ(Z ′ k ) = {t n }, then {k tn } is a total orthogonal set in H(k), and any h ∈ H(k) obeys the sampling formula:
This paper focuses on the representation theory of the class S R of regular, symmetric linear transformations with deficiency indices (1, 1). As we will see in the upcoming section, any symmetric T ∈ S R admits a natural functional model, (M T , K(T ) = H(K T )) and the spectra of every selfadjoint extension, T θ of T is a discrete sequence of simple eigenvalues with no finite accumulation point. The above corollary then implies that K(T ) obeys a one-parameter family of Shannon-type sampling formulas (see Theorem 2.24).
Abstract Functional Analysis model
In this section we present an abstract functional analytic approach to spaces of functions obeying a time-varying bandlimit as developed in [13, 14] . The local bandlimit spaces, K(T ); T ∈ S R , constructed in this section will be central to our approach and definition of time-varying bandwidth.
To construct a space of functions obeying a time-varying bandlimit, the input data is two sequences t = (t n ) and t ′ = (t ′ n ) obeying the following properties:
be two sequences indexed by F ⊂ Z with the following properties:
(1) t is a strictly increasing sequence, t n < t n+1 , with no finite accumulation point.
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(2) The two sequences t, t ′ are compatible in the sense that:
Any such pair (t, t ′ ) is called admissible. We say that an admissible pair (t, t ′ ) is a time-varying bandlimit pair or more simply, a bandlimit pair if t ′ ⊂ (0, ∞), i.e. t ′ n > 0 for all n. A bandlimit pair is called finite if t ′ n < ∞. Otherwise, if a bandlimit pair obeys t ′ n = +∞ it is called infinite.
As proven in [13, 14] (see also [20, Theorem 2] ) one has Lemma 2.2. Given any T ∈ S R , fix a pair of equal norm deficiency vectors φ ± (and hence a parametrization,
For each θ ∈ [0, 1), t θ is a strictly increasing sequence of eigenvalues of multiplicity one with no finite accumulation point, σ(T θ ) ∩ σ(T β ) = ∅ for θ = β and
That is, the spectra of all self-adjoint extensions cover the real line exactly once. . If T ∈ S R is not densely defined then the spectra of each unitary extension U (α) of V = b(T ) can be arranged as a strictly increasing sequence of simple eigenvalues (α n (θ)) ⊂ T (increasing in angle), where T denotes the unit circle. There is no overlap between the spectra of different extensions, and the spectra of all extensions cover the unit circle exactly once. It follows that 1 is an eigenvalue of exactly one unitary extension U of V , and one cannot take the inverse Cayley transform of this particular U to obtain a densely defined self-adjoint extension of T . In the case where T is densely defined 1 is not an eigenvalue of any unitary extension of V and the spectra of all unitary extensions cover T \ {1} exactly once.
This technical issue of when T is or is not densely defined does not complicate the analysis or affect proofs in any significant way [21, 27] and we will typically work under the assumption that T is densely defined.
Remark 2.4. The fact that T θ has exactly one eigenvalue between any two eigenvalues of T 0 = T (1) can be proven using Kreǐn's alternating eigenvalue theorem or using the theory of meromorphic model subspaces of Hardy space (this fact will also be a direct consequence of Theorem 3.8) [17, 19] .
The resulting ordered real sampling sequence t θ := (t n (θ)); θ ∈ [0, 1) is then strictly increasing with no finite accumulation point. Definition 2.5. Given T ∈ S R and a fixed choice of equal norm deficiency vectors φ ± ∈ Ker(T * ∓ i), the spectral function of T , t : [a, b) → R is the strictly increasing bijection defined by
where a := inf{n| t n ∈ σ(T 0 )}, and
Moreover t has a locally analytic extension about any point s ∈ (a, b).
Ultimately this follows from the fact that
where V = b(T ) defines an entire operator-valued function. In [20] , elementary Banach algebra techniques were used to establish the existence of such a function t, however a much simpler proof follows as a consequence of the representation theory of S R as multiplication by the independent variable in a meromorphic model subspace of Hardy space [19, Corollary 5.1.7] . This will also follow from Theorem 3.8 of Section 3.
Lemma 2.7. Let φ ± , ψ ± be any two equal-norm pairs of deficiency vectors for T ∈ S R . If t φ , t ψ are the corresponding spectral functions of t then there is a ζ ∈ (−1, 1) so that t φ (s) = t ψ (s − ζ). This is easily verified using the formula (1). This defines an equivalence relation on spectral functions and the equivalence classes are a complete unitary invariant for S R [20] . We will discuss a more useful unitary invariant for S, the Livšic characteristic function, in Subsection 3.12.
The following was first developed in [13] , see also [14] :
Theorem 2.8. Let (t, t ′ ) be an admissible pair, and choose a self-adjoint operator T ′ on a separable Hilbert space H with simple spectrum t (each element of t is a simple eigenvalue). Fix a vector φ + ∈ H so that if {ψ n } is any orthonormal eigenbasis of T ′ , T ′ ψ n = t n ψ n , the coefficients of φ + in this basis satisfy:
Let φ − and {φ n } be the unique vector and choice of orthonormal eigenbasis of T ′ so that
Then there is a unique symmetric linear transformation T , Dom(T ) ⊂ H, with defect indices (1, 1) and no essential spectrum so that φ ± ∈ Ker(T * ∓ i) are equal norm deficiency vectors for T , and with respect to the corresponding parametrization of self-adjoint extensions, 
Conversely suppose that T ∈ S R , fix a choice of equal norm deficiency vectors φ ± ∈ Ker(T * ∓ i) (and hence a spectral function for T ) and define t = (t n (0)) = (t(n)) and t ′ := (
. Then the pair of sequences (t, t ′ ) is a bandlimit pair. This bandlimit pair is finite if and only if T is not densely defined.
Remark 2.9.
(1) In [13] , it was assumed that (t, t ′ ) is an infinite bandlimit pair. Theorem 2.8 above contains additional new information on how spectral properties of the symmetric linear transformation T ∈ S depend on properties of the admissible pair (t, t ′ ). (2) It was further assumed in [13] that the symmetric T in the second half of Theorem 2.8 is densely defined. Working in the setting of partial isometries and the unit circle, it is easy to extend the above result to the general case.
Definition 2.10. Let (t, t ′ ) be a bandlimit pair, let φ ± ∈ Ker(T * ∓ i) be fixed as in equation (6) above, and let t be the spectral function for T fixed by the choice φ ± . For any θ ∈ [0, 1) define the pair of real sequences (
, where
By the next corollary each pair (t θ , t ′ θ ) is a bandlimit pair, and we will call (t θ , t ′ θ ); θ ∈ [0, 1) a family of bandlimit pairs.
With the above notation, t n = t n (0), t ′ n = t ′ n (0).
Corollary 2.11. Let (t, t ′ ), and φ ± be fixed as above. The pair of sequences (t θ , t ′ θ ) is a bandlimit pair for every θ ∈ [0, 1). The symmetric operator T (θ) ∈ S R constructed as in Theorem 2.8 from the data (t θ , t ′ θ ) and φ ± is independent of θ,
This is not difficult to verify. Starting with the data (t, t ′ ) and φ ± , the first part of Theorem 2.8 guarantees the existence of a unique T ∈ S R . Replacing φ ± by ψ ± := e −i2πθ φ ± and applying the second part of Theorem 2.8 will show that (t θ , t ′ θ ) is also a bandlimit pair. This new choice of equal norm defect vectors amounts to re-parametrizing the self-adjoint extensions of T by a constant shift of the parameter.
We provide the constructive half of the proof below to establish the new statements relating spectral properties of the constructed T ∈ S to properties of the admissible pair (t, t ′ ):
Let t = (t n ) be any strictly increasing sequence of real numbers with no finite accumulation point. Let T (1) = T 0 be a densely defined self-adjoint operator on H so that σ(T ) = {t n } and each t n is an eigenvalue of multiplicity one. Let {ψ n } be an orthonormal basis of eigenvectors corresponding to the eigenvalues t n . Now choose any sequence t ′ = (t ′ n ) with the same index set so that the pair (t, t ′ ) is admissible, namely
This assumption ensures that
defines a pair of vectors of finite and equal norm in H. Let
In other words, given φ = c n ψ n ∈ Dom(T (1)) we have that φ ∈ Dom(T ) if and only if n t ′ n c n = 0.
. Clearly T is a symmetric linear transformation in H with domain Dom(T ). By construction we have that φ ± ⊥ Ran (T ± i) so that T is symmetric with indices (n + , n − ) and n ± ≥ 1.
Lemma 2.12. The symmetric linear transformation T is such that T − t is bounded below on Ker(T − t) ⊥ ∩ Dom(T ) for any t ∈ R and T has deficiency indices (1, 1).
Proof. First note that if φ ∈ Ker(T − t) then φ ∈ Dom(T ) ⊂ Dom(T (1)) so that φ = ψ n and t = t n for some n.
is not bounded below on Ker(T (1) − t) ⊥ ∩ Dom(T (1)). It follows that t is in the essential spectrum of T (1) which contradicts our assumption that the spectrum of T (1) is a sequence of eigenvalues of multiplicity one with no finite accumulation point. Suppose that the deficiency indices of T are not (1, 1) . Since the eigenvalues of T are contained in the eigenvalues of T (1) it follows that there is a maximal subset (ψ n k ) ⊂ (ψ n ) so that the ψ n k ∈ Dom(T ). Removing S := ψ n k , from H shows that we can write
whereT (1) ⊂ T (1) is self-adjoint and T ′ is simple symmetric. Recall here that denotes closed linear span. It further follows that T ′ − t is bounded below on Dom(
Section 78], [25] . It follows that the deficiency indices of T are equal to the deficiency indices of T ′ and these are n = n ± . Now suppose that n > 1 and consider t j ∈ σ(T (0)). Then Ker(T * − t j ) is n−dimensional where n > 1. It follows that there is a non-zero vector ψ ∈ Ran (T − t j ) ⊥ such that
which is satisfied if and only if ψ = 0, a contradiction.
Lemma 2.13. T is densely defined if and only if
Proof. First if t ′ n < ∞ then f := t ′ n ψ n ∈ H and clearly f ⊥ Dom(T ) so that Dom(T ) is not dense.
Conversely suppose that Dom(T ) is not dense and 0 = g := g n ψ n ⊥ Dom(T ). Then define
and observe that for any ψ ∈ Dom(T ),
By the last lemma Ran (T + i) ⊥ = φ + is one dimensional so that
Lemma 2.14. The symmetric linear transformation T is simple (and regular) if and only if t ′ n > 0 for all n, i.e. if and only if (t, t ′ ) is a bandlimit pair of sequences.
Proof. If t ′ k = 0 then it is easy to see that
which implies that ψ k ∈ Dom(T ) and T is not simple. Conversely if T is not simple then there is a point t ∈ R such that t is either an eigenvalue of T or in the approximate point spectrum. If t is an eigenvalue of T then it is an eigenvalue of T (1) ⊃ T so that t = t k for some k. Since the spectrum of T (1) consists of eigenvalues of multiplicity one, it would follow that ψ k ∈ Dom(T ) so that as above,
Now suppose that t belongs to the approximate point spectrum of T . Then b(t) ∈ T \ {1} belongs to the approximate point spectrum and hence the essential spectrum of the partial isometry V = b(T ). The essential spectrum is invariant under compact perturbations and T has deficiency indices (1, 1), so that U (1) = b(T (1)) is a rank-one unitary perturbation of V . It follows that b(t) is in the essential spectrum of b(T (1)) and so t is in the essential spectrum of T (1). This contradicts our assumption that the spectrum of T (1) is a sequence of eigenvalues of multiplicity one with no finite accumulation point. Finally if T is simple then Lemma 2.12 implies that T − t is bounded below for all t ∈ R so that T is also regular.
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This concludes half of the proof of Theorem 2.8. Namely we have shown that any bandlimit pair of sequences (t, t ′ ) can be used to construct a linear transformation T ∈ S R . We refer to [13] for the converse proof that any T ∈ S R defines a bandlimit pair of sequences.
2.15. Local bandlimit spaces. Our goal now is to apply Theorem 2.8 to construct an abstract functional model for any T ∈ S R . In particular, we will construct a reproducing kernel Hilbert space, K(T ); T ∈ S R , which embeds isometrically into L 2 (R, dλ) for a family of positive measures λ which are equivalent to Lebesgue measure. This space, called a local bandlimit space, will be a function space with the same special sampling and reconstruction properties as the Paley-Wiener spaces of bandlimited functions. The Paley-Wiener space of A-bandlimited functions will be an example of one such space (Example 2.28).
Let (t, t ′ ) be a bandlimit pair. As in the previous subsection, let T 0 = T (1) be a self-adjoint operator on H with orthonormal basis {ψ n } and spectrum σ(T 0 ) := t. Choose
and construct T ∈ S R (H) with deficiency vectors φ + ∈ Ker(T * − i), and φ − := b(T 0 )φ + ∈ Ker(T * + i) as before. Recall that this choice of deficiency vectors fixes a family of self-adjoint extensions T θ , θ ∈ [0, 1) of T (see Subsection 1.4), as well as the choice of spectral function t of T defined by t(n + θ) := t n (θ) where σ(T θ ) = (t n (θ)). Recall that we define a := inf{n| t n ∈ σ(T 0 )} and b := 1 + sup{n| t n ∈ σ(T 0 )} so that [a, b) is the domain of the spectral function t. It follows that τ : R → [a, b) is injective, strictly increasing and obeys τ ′ > 0 (since t has these properties). Theorem 3.8 will imply that τ has an analytic extension to a neighbourhood of R. Definition 2.17. Given T ∈ S R and a fixed deficiency vector pair,φ ± , let {φ n (θ)| θ ∈ [0, 1)} be any fixed family of orthonormal eigenbases of the family T θ of self-adjoint extensions of T (the parameter θ is fixed by the choice of φ ± ), T θ φ n (θ) = t n (θ)φ n (θ).
For any t ∈ R let ⌊t⌋ denote the integer part of t, let [t] := t − ⌊t⌋ ∈ [0, 1), and define
where the phase function τ (and the spectral function) is fixed by the choice φ ± .
Observe that, for any s ∈ R,
Proposition 2.18. For any T ∈ S R , and fixed equal-norm deficiency vectors φ ± ∈ Ker(T * ∓ i), there is a choice of orthonormal eigenbases {φ n (θ)| θ ∈ [0, 1)} of eigenvectors for T θ so that if
is a smooth, real-valued, positive kernel function on R × R where
Lemma 2.19. ([14, Theorem 8, Chapter 3]) Let (t, t ′ ) be a bandlimit pair. Let T 0 be the corresponding self-adjoint operator acting in H with T 0 ⊃ T ∈ S R (H) constructed as in Theorem 2.8. For each θ ∈ [0, 1), let {ψ n (θ)} be an arbitrary orthonormal basis of eigenvectors to T θ with eigenvalues t n (θ) = t(n + θ). Expand the deficiency vector φ + in the basis {ψ n (θ)} as
Then the coefficients c n (θ) obey
The proof of this lemma in [14] assumes that the bases {ψ n (θ)} can be chosen so that the coefficients c n (θ) are continuous functions of θ ∈ [0, 1). Although this fact is not immediately obvious in the current setup, it will follow easily from Hardy space theory, see Remark 3.6.
Remark 2.20. If the bandlimit pair (t, t ′ ) is normalized so that
(we can always rescale the sequence t ′ so that this is the case and this does not change the symmetric operator T ) then φ + 2 = π and we obtain
In particular, it follows that if (t, t ′ ) is a normalized bandlimit pair, then every bandlimit pair
Proof. (of Proposition 2.18) For simplicity we will simply write K(t, s) := K T (t, s) = φ t , φ s . Given any choice of orthonormal bases {φ n (θ)| θ ∈ [0, 1)}, it is clear that K(t, s) will be a positive kernel function on R × R. It remains to show that these bases can be chosen so that K is smooth and given by the formula (8) .
Given the fixed bandlimit pair (t, t ′ ), we can, as in the proof of Theorem 2.8, choose a selfadjoint operator T 0 with discrete spectrum t = (t n ) consisting of eigenvalues of multipicity one with normalized eigenvectors {ψ n }.
Also as before we can define
and construct a symmetric T ∈ S R so that φ ± ∈ Ker(T * ∓ i) are equal-norm deficiency vectors for T . For each θ ∈ [0, 1), let {φ n (θ)} be an orthonormal basis of eigenvectors for the self-adjoint extension T θ with corresponding eigenvalues t n (θ). It will be convenient to choose φ n (0) =: φ n = (−1) n ψ n , so that we can expand φ + in each basis as
for some coefficients c n (θ), where c n (0) = (−1) n t ′ n . For any θ ∈ [0, 1), the unitary extension
and it follows that
In order to compute φ t , φ s for any s, t ∈ R, we need to evaluate φ n (θ), φ m (β) for any θ, β ∈ [0, 1) and any n, m in the index set F ⊆ Z. First consider
Using that
this same expression can be evaluated differently:
.
Equating these two expressions yields
By the previous lemma, there are phases w n (θ) ∈ R so that
For θ ∈ (0, 1) we are free to choose the numbers w n (θ) arbitrarily, since the normalized basis vectors φ n (θ) can be re-defined to absorb the unimodular constants e iwn(θ) ∈ T. For any θ ∈ [0, 1) we choose w n (θ) := −π(θ + n), so that
This fixes the orthonormal bases {φ n (θ)} uniquely (since the choice of φ n (0) has already been fixed), and we obtain that
Fix any α ∈ [0, 1) so that θ = α. Then, expanding in the orthonormal basis {φ n (α)} yields
Solving for t ′ (n + θ) yields the formula
where
Expanding φ n (θ), φ m (β) in the {φ k (α)} basis and subsituting in the formulas (10) and (11) then yields the formula
By definition φ t = φ ⌊τ (t)⌋ ([τ (t)]), for any t ∈ R, so that
for any α ∈ [0, 1). In particular, choosing α = 0 gives the claimed formula from the proposition statement. The function f α and the formula (12) for K(t, s) are clearly infinitely differentiable for t, s / ∈ {t k (α)}. Since α ∈ [0, 1) is arbitrary, and the (t k (α)) cover the real line exactly once, we conclude that K(t, s) is smooth, i.e. infinitely differentiable in both arguments. Definition 2.21. Let µ : [0, 1] → [0, 1] be a strictly increasing bijection which is infinitely differentiable on (0, 1). We will say that µ is a smooth parametrization of [0, 1] provided that the extended bijection µ e : R → R defined by µ e (t) := ⌊t⌋ + µ([t]) is smooth (infinitely differentiable) on R and µ ′ (t) > 0 is strictly positive. We will simply write µ = µ e for this extension. 
Let (t, t ′ ) be a bandlimit pair of real sequences, and T ∈ S R the symmetric regular linear transformation corresponding to (t, t ′ ) (and a choice of equal-norm deficiency vectors) by Theorem 2.8. The sampling space or local bandlimit space of time-varying bandlimited functions, K(T ), is the reproducing kernel Hilbert space (RKHS) of functions on R with reproducing kernel
, where K T is as given in Proposition 2.18. We will sometimes use the alternate notation K(T ) = K(t, t ′ ). Similarly, given any smooth parametrization µ on [0, 1], the L 2 sampling subspace or L 2 local bandlimit subspace, K(T ; µ) = K µ (t, t ′ ; µ) is the RKHS of functions on R with reproducing kernel K (T ;µ) .
Theorem 2.23. Let (t, t ′ ) be a bandlimit pair of sequences and let T ∈ S R (H) be the corresponding symmetric linear transformation (constructed as in Theorem 2.8). The map U
is an onto isometry obeying
The image U T T (U T ) * =: M T ∈ S R (K(T )) acts as multiplication by the independent variable t on its domain Dom(M T ) = U T Dom(T ).
This theorem shows that the pair (M T , K(T )) is a functional model for T ∈ S R in the sense of Definition 1.10. Recall that the point evaluation vectors K T t for t ∈ R are as defined in Subsection 1.5. Namely, recall that K T t ∈ K(T ) is the unique vector which obeys
Proof. Since the set {φ t } t∈R contains orthonormal bases, U T is densely defined. By the construction of K T in Proposition 2.18,
U T is onto since the point evaluation vectors K T t , for t ∈ R are dense in the RKHS K(T ). Observe that for any h ∈ H,
The final assertion is similarly easy to check: For any h ∈ Dom(T ),
Theorem 2.24. Let µ be any smooth parametrization of [0, 1). The sampling space K(T ) is a reproducing kernel Hilbert subspace of
is an onto isometry. For any θ ∈ [0, 1), {K
is an orthonormal basis of point evaluation vectors and these are eigenvectors of M (T ;µ) θ := U (T ;µ) T θ (U (T ;µ) ) * to the eigenvalues t n (θ) = t(n + θ). This yields the sampling formulas:
The symmetric linear transformation M (T ;µ) := U (T ;µ) T (U (T ;µ) ) * acts as multiplication by the independent variable on its domain in K(T ; µ).
Remark 2.25. Similar sampling formulas hold, of course, for the non-scaled sampling spaces K(T ).
Proof. We know that {φ n (θ) = φ t(n+θ) } is an orthonormal basis of eigenvectors to T θ with eigenvalues t n (θ) = t(n + θ), θ ∈ [0, 1). It follows that for any f ∈ H and θ ∈ [0, 1),
Let f T := U T f . Using that the {φ n (θ)} and hence the {K T tn(θ) } are an orthonormal basis we have that
where we have extended µ periodically to [a, b) as in Definition 2.21. Change variables by setting s = τ (t) to obtain
The rest of the claim is straightforward. tn(θ) | θ ∈ [0, 1)} where the discrete sets of sample points {t n (θ)} cover the real line exactly once and have no finite accumulation point. Moreover, these spaces have several useful properties that make them practical for signal processing applications. First, the reproducing kernel, and hence the point evaluation vectors K (T ;µ) t are all real-valued, so that their Fourier transforms are centred in frequency space, and this is a natural property one would like locally bandlimited functions to have. Secondly, since K(T ; µ) is a subspace of L 2 (R), the best approximation in K(T ; µ) to any raw signal f raw ∈ L 2 (R) is simply the image of f raw under orthogonal projection onto K(T ; µ). In classical signal processing, a low-pass filter is a device or process that removes all frequencies from a raw signal greater than a fixed cutoff value, A > 0. That is, the low-pass filter implements the orthogonal projection of f raw onto the Paley-Wiener space B(A). By Theorem 2.24 the projector onto the L 2 sampling space K(T ; µ) ⊆ L 2 (R) can be expressed as either an integral or as a countable summation:
Definition 2.27. Given any L 2 -local bandlimit space K(T ; µ), the (T ; µ) time-varying (low-pass) filter is the orthogonal projection of L 2 (R) onto K(T ; µ).
Finally, as described in the introduction, the local bandlimit space K(T ) = K(t, t ′ ; µ) is completely determined by the bandlimit pair of real sequences (t, t ′ ) (and the choice of parametrization µ), and these sequences can be tailored to match the local frequency behaviour of any given set of raw signals.
We conclude this section by showing that the classical Paley-Wiener spaces of A−bandlimited functions, are, in fact, a special case of sampling spaces.
Example 2.28. Consider the bandlimit pair (t, t ′ ) where t = nπ A n∈Z , and,
Applying the identity
it is easy to verify that this pair is normalized as in Remark 2.20. Rewrite the expression
where we have applied the series identity
Also recall the function f (t) has the form
where we have again applied a standard trigonometric series formula. It follows that
Aπ tanh(A) sin(At).
The last line follows since
If K is the positive kernel function corresponding to the pair (t, t ′ ), then,
Aπ tanh(A) π tanh(A)(cot(At) − cot(As) s − t
sin(As)
Aπ tanh(A) = sin (A(t − s)) A(t − s) .
Using Fourier theory, it is easy to check that the reproducing kernel for B(A) is
a constant multiple of the kernel for K(t, t ′ ). Lemma 1.7 then implies that multiplication by the positive constant A/π is a unitary operator from K(t, t ′ ) onto B(A).
Hardy space model
The local bandlimit spaces K(T ) provide a functional model for any T ∈ S R . An equivalent functional model can be constructed using the theory of meromorphic model spaces of the Hardy space of the upper half-plane. This classical theory will provide a valuable perspective on the local bandlimit spaces, and, in particular, will motivate a precise definition of time-varying bandwidth. Let H 2 := H 2 (C + ) be the Hardy space of analytic functions in the upper half-plane. Recall that H 2 can be defined as the space of all analytic functions h ∈ C + so that the norm
is finite. The classical theory of Hardy spaces shows that any h ∈ H 2 has non-tangential boundary values on R which exist almost everywhere with respect to Lebesgue measure, and that the identification of H 2 functions with their non-tangential limits defines an isometric inclusion of H 2 in L 2 (R) [28] . Equivalently, H 2 (C + ) = H(k) is the unique RKHS corresponding to the sesqui-analytic Szegö kernel:
Similarly one can define H ∞ = H ∞ (C + ) as the Banach space of all analytic functions which are bounded in C + . As before non-tangential boundary values define an isometric embedding of H ∞ into L ∞ .
Recall that any Θ ∈ [H ∞ ] 1 , the closed unit ball of H ∞ , is called inner if
i.e., if Θ has unimodular non-tangential boundary values almost everywhere with respect to Lebesgue measure on the real line. Let S denote the operator of multiplication by
restricted to H 2 (C + ). It is easy to check that S is an isometry on H 2 , called the shift. Under the canonical unitary transformation of H 2 (C + ) onto the Hardy space of the disk H 2 (D), S, is conjugate to the operator of multiplication by z, the shift on H 2 (D). The shift operator plays a central role in the study of Hardy spaces [28, 29, 30, 31] . A classical theorem of Beurling-Lax shows that a subspace M ⊂ H 2 is invariant for S if and only if
for some inner function Θ [28] . The corresponding model space K(Θ) := H 2 ⊖ΘH 2 is then invariant for the backward shift, S * , and cyclic for S [30, 29] . Any model space K(Θ) is a RKHS of analytic functions on C + with reproducing kernel
We will be primarily interested in the case where Θ is a meromorphic inner function, i.e. an inner function which has a meromorphic extension to the entire complex plane C.
3.
1. An analytic functional model. As shown in [19, 22] , given any inner function Φ ∈ H ∞ , one can define
Let M denote the self-adjoint operator of multiplication by t in L 2 (R). Then for any inner function Φ,
is a simple symmetric linear transformation in K(Φ) with deficiency indices (1, 1) [19, 22] . The domain Dom(Z Φ ) is not necessarily dense, in particular it is not dense if K(Φ) is finite dimensional, which occurs, for example, if Φ is a finite Blaschke product. For necessary and sufficient conditions for Z Φ to be densely defined see for example [32] , [19 It is easy to check (as in Subsection 1.5) that the k Φ z , are eigenvectors for (Z Φ ) * ,
For the remainder of this section we assume that Φ is a meromorphic inner function, i.e., Φ has a meromorphic extension to C. Since Φ has unimodular non-tangential boundary values on R almost everywhere with respect to Lebesgue measure, it follows that |Φ(t)| = 1 for all t ∈ R and that Φ is analytic in an open neighbourhood of R. In particular, K(Φ) can be viewed as a RKHS on an open neighbourhood of C + , so that the reproducing kernel formula (13) holds for all z, w ∈ C + and the above formula (14) extends to all t ∈ R. As established in [19] , a symmetric linear transformation S is regular and simple with deficiency indices (1, 1) , i.e. S ∈ S R if and only if it is unitarily equivalent to some Z Φ acting on K(Φ), where Φ is a meromorphic inner function (equivalently (Z Φ , K(Φ)) is a functional model for T ).
Theorem 3.2. Any inner function Φ ∈ H ∞ (C + ) which has a meromorphic extension to C has the form
where a ≥ 0, γ ∈ T, the (z n ) have no finite accumulation point and obey the Blaschke condition
The symmetric linear transformation Z Φ ∈ S R is densely defined if and only if either a > 0 or Im (z n ) = +∞.
This factorization formula follows easily from the Blaschke-singular factorization of inner functions [28] . The necessary and sufficient condition on meromorphic inner Φ so that Z Φ ∈ S R is densely defined is the special case of Livšic's criterion applied to T ∈ S R , see e.g. [19, Theorem 5.0.9]. The Blaschke condition (the necessary and sufficient condition on the {z n } so that the above product converges) combined with the assumption that the z n have no finite accumulation point is equivalent to the convergence of Im There a natural conjugation C Φ on K(Φ) which commutes with Z Φ (see, for example [19] , [35] , or [17, Section 7.6]):
This map extends to an anti-linear, idempotent surjective isometry (a conjugation) so that
Remark 3.5. This lemma immediately implies that C Φ is an isometry from Ker((
It follows that one can choose equal norm deficiency vectors φ ± ∈ Ker((Z Φ ) * ∓ i) by
, and
We will refer to this choice of deficiency vectors as the canonical choice.
Remark 3.6. Any non-zero deficiency vector
It follows easily from the formula (16) for φ + that if
are the coefficients of ψ + in the total orthonormal basis of normalized point evaluation eigenvectors to Z Φ θ , that a n (θ) is continuous as a function of θ ∈ [0, 1). This fact is used in the proof of Lemma 2.19. Theorem 3.7. Let Φ be a meromorphic inner function. Fix a family of self-adjoint extensions Z Φ (α) of Z Φ ∈ S R by the above choice of deficiency vectors
In particular, if Θ is a meromorphic inner function such that Θ(i) = 0, then
Theorem 3.7 is easily proven by applying the formula [18, Problem 48] ) If Φ ∈ H ∞ is inner and meromorphic then there is a strictly increasing function γ on R so that Φ(t) = e i2πγ(t) , γ ′ (t) > 0 for all t ∈ R and γ has an analytic extension to a neighbourhood of R. Since the set of all meromorphic inner Θ form a multiplicative semigroup (with unit Θ ≡ 1), it follows that the set of all phase functions is an additive semigroup.
3.12.
The Livšic characteristic function. Given any T ∈ S, one can define a contractive analytic function Θ T on C + , which is a complete unitary invariant for T , called the Livšic characteristic function of T [32, 36] . We will prove in Corollary 4.14, that given any family of bandlimit pairs (t θ , t ′ θ ), and corresponding symmetric operator T ∈ S R (fixed by a choice of equal-norm defect vectors φ ± as in Theorem 2.8), that the Livšic characteristic function Θ T can be expressed solely in terms of any bandlimit pair (t θ , t ′ θ ). This will yield new formulas for computing any pair (t θ , t ′ θ ) from the knowledge of an initial pair (t, t ′ ).
The Livšic characteristic function is defined as follows: Let φ ± ∈ Ker(T * ∓ i) be fixed deficiency vectors of equal norm and let φ z ∈ Ker(T * − z), z ∈ C + , be an arbitrary non-zero vector. Then
The characteristic function always vanishes at z = i, Θ T (i) = 0. Two contractive analytic functions Θ 1 , Θ 2 on C + are said to coincide if there is a unimodular constant α ∈ T so that
This defines an equivalence relation and the Livšic function is unique up to this notion of equivalence. A unique representative Θ T in a given coincidence class is fixed by a unique choice of the deficiency vectors φ ± . A different choice of deficiency vectors ψ ± = α ± φ ± where α ± ∈ T yields a new Livšic function Θ ′ T = α − α + Θ T which coincides with the first.
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Theorem 3.13. (Livšic, [32] ) Given any two T 1 , T 2 ∈ S, T 1 ≃ T 2 if and only if their characteristic functions coincide. The map from T → Θ T is a bijection from unitary equivalence classes of S onto coincidence classes of contractive analytic functions on C + which vanish at z = i.
It is straightforward to calculate that if Φ is inner then the Livšic characteristic function of Z Φ ∈ S (fixed by the choice of deficiency vectors φ + := k Φ i and φ − = −k Φ i ) is [19] :
In particular, if Φ(i) = 0 then Φ = Θ. Recall here that for any fixed w ∈ D, the Möbius transformation,
is an analytic automorphism of the unit disk with compositional inverse F −w . That is, 
is a functional model for T (Definition 1.10). By Lemma 1.8 for any w ∈ D there is an isometric multiplier from K(F w •Θ T ) onto K(Θ T ). This multiplier is referred to in the literature as a Crofoot transform [39, 38] . By comparing the kernel functions for K(Θ T ) and K(F w • Θ T ), it is easy to check that this multiplier is given by the formula:
Lemma 1.8 of Subsection 1.6 also implies that for any T ∈ S R , there is a unitary multiplier between the local bandlimit space K(T ) and the meromorphic model space K(Θ T ). This multiplier will enable us to move freely between these two functional models for T ∈ S R . The characteristic function Θ T of T will be calculated in the next section (see Corollary 4.14), and we will compute this multiplier in Subsection 4.7. 
It is also easy to see that if n = ⌊t⌋, [t] = t − ⌊t⌋, then
Finally, since the compositional inverse of F w is F −w , the compositional inverse of λ w is λ −w . 17), and let γ, x, and τ, t be the phase and spectral functions for Φ and Θ, respectively. Then,
and the corresponding set of eigenvectors
is a total orthogonal set in K(Φ).
The above corollary is an immediate consequence of Theorem 3.7, and the observation that Θ is chosen so that Θ(t) = e i2πτ (t) , and τ := λ w • γ so that t = τ −1 = x • λ −w . As in Theorem 2.24, Corollary 1.12 implies that the meromorphic model spaces K(Φ) obey a one-parameter family of sampling formulas. It is straightforward to check that B(A) := e −iAz K(e i2Az ) is the image of a meromorphic model space under a unitary multiplier, and that this amounts to a shift in frequency space. It follows that there is a Z ∈ S R (B(A)) which acts as multiplication by the independent variable, z, and that the Livšic characteristic function of Z is (up to a unimodular constant)
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Equivalently Φ(z) := e i2Az = F −e −2A (Θ(z)) with phase function γ(t) = A π t. If τ is the phase function of Θ, it then follows that τ = λ w • γ with w = e −2A , so that
(recall µ ′ w = λ ′ w ) and, upon rescaling by the constant A/π, K(t, t ′ ) embeds isometrically in L 2 (R), as expected.
3.20. Time-varying bandlimit. The classical notion of bandlimit for any Paley-Wiener space B(A) can be interpreted as a measure of the density of any of the Nyquist sampling lattices:
. Recall, as in the previous example, B(A) = e −iAz K(e i2Az ). The phase function, γ, of Φ(t) = e i2At = e i2πγ(t) is simply γ(t) = A π t, and this is the compositional inverse of the function x(n + ϑ) := x n (ϑ); ϑ ∈ [0, 1) (the spectral function of Φ). It follows that the bandlimit is
where γ is the phase function of the meromorphic inner function Φ(z) = e i2Az . Working in analogy with the classical Paley-Wiener spaces of A-bandlimited functions, we can construct a precise and meaningful definition of time-varying bandwidth for any local bandlimit space K(t, t ′ ). Let Φ be any meromorphic inner function obeying Φ(i) = w ∈ D and let Θ := F w •Φ, the Livšic characteristic function of Z Φ (up to a unimodular constant). Let γ, τ be phase functions for Φ, and Θ, respectively with spectral functions (compositional inverses) x, t. It follows that τ = λ w • γ and γ = λ −w • τ , and by Corollary 3.18 and Equation (22), if we define the new
where [s] := s − ⌊s⌋, as before. This shows that the rate of increase of γ = λ −w • τ provides a measure of the local density of the sampling sequences (t(ϑ + θ w + n)) with respect to the new parameter ϑ = µ w (θ) ∈ [0, 1):
Namely, the size of γ ′ (x(θ +n)) > 0 determines how quickly the phase of Φ(x(θ +n)) is rotating, and hence measures the local density of the sampling sequences with terms
It is, therefore, natural to extend the notion of bandlimit to the time-varying setting by defining the time-varying bandlimit of an arbitrary local sampling space K(t, t ′ ) to be the function ω : R → (0, ∞):
for some fixed choice of w ∈ D. As described above this will be a measure of the local density of the sampling sequences. While it is not obvious whether there is a canonical choice of w ∈ D, we can motivate a particular choice of w that recovers the classical definition of bandlimit in the case where K(t, t ′ ) = B(A). Definition 3.21. Let (t, t ′ ) be any normalized bandlimit pair (as in Remark 2.20) with corresponding T ∈ S R . Let t, τ be a fixed choice of spectral and phase functions for T (fixed by a choice of equal-norm deficiency vectors φ ± ). Set g(t) := t coth(t); t ≥ 0 and let f := g −1 : [1, ∞) → [0, ∞) be the compositional inverse of g. The time-varying bandlimit is the strictly positive function
where γ is the phase function of F −w • Θ T , and w ∈ (0, 1) is Proof. By Example 2.28, K(t, t ′ ) = B(A) (up to a constant rescaling), and also as before B(A) = e −iAz K(e i2Az ), let Φ(z) := e i2Az , a meromorphic (in fact, entire) inner function. Let γ be the phase function of Φ so that πγ(t) = At and A = πγ ′ (t).
Let w = Φ(i) = e −2A , and let τ be the phase function of Θ = F w • Φ. It follows that τ = λ w • γ. and we need to prove that w = e −2A ∈ (0, 1) is equal to the number of Definition 3.21. First calculate
and, in particular
Let g(t) := t coth(t), this is smooth, strictly increasing and obeys g ′ (t) > 0 for t > 0. If f is the compositional inverse of g, then we obtain
It follows that
In general g(t) > t for t > 0 implies that f (t) < t, so that replacing τ by the phase function of an arbitrary T ∈ S R in the above definition of w will always yield w ∈ (0, 1). Of course, in order that the number w be well-defined, one must check that πτ ′ (0) ≥ 1 so that πτ ′ (0) ∈ Dom(f ) = Ran (g) = [1, ∞). It is not difficult to check that this is always the case if (t, t ′ ) is normalized as in Remark 2.20 so that
θ ∈ [0, 1).
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Indeed, for any s = ⌊s⌋ + [s] =: k + θ ∈ R, we have that
Hence, τ ′ (t)(1 + t 2 ) = τ ′ (t(s))(1 + t(s) 2 )
so that τ ′ (0) ≥ π −1 for any normalized bandlimit pair.
Measure theoretic model
In this section we develop a third class of models for elements S R using measure theory and basic spectral theory. This connection will again provide new tools for studying local bandlimit spaces. In particular, we will compute the unitary multiplier between any local bandlimit space K(T ) = B(ω(t)), and the meromorphic model space K(Θ T ) in Theorem 4.8, and if T is constructed from a bandlimit pair (t, t ′ ) as in Theorem 2.8, we will provide concrete formulas expressing Θ T in terms of any of the bandlimit pairs (t θ , t ′ θ ); θ ∈ [0, 1) in Corollary 4.14. This will lead to new formulas for computing any bandlimit pair (t θ , t ′ θ ) from the knowledge of the initial pair (t, t ′ ). Knowledge of the sampling sequences (t θ , t ′ θ ) is, of course, necessary in order to sample and reconstruct any f ∈ K(T ) from its samples taken on these sequences using the sampling formulas of Theorem 2.24.
A Herglotz (or Nevanlinna-Herglotz) function H on C + is an analytic function with non-negative real part. A function H is a Herglotz function if and only if there is a positive Borel measure Γ on R obeying the Herglotz condition, There is a bijection between Herglotz functions on C + and the closed unit ball of (non-constant elements of) H ∞ (C + ) given by For the remainder of the section, we assume that the positive Herglotz measure Γ is a purely discrete sum of weighted Dirac delta masses δ tn , where (t n ) is a purely discrete, strictly increasing sequence with no finite accumulation point. Namely, Γ := n w n δ tn , where (w n ) is a sequence of strictly positive weights and δ tn (Ω) = 1 t n ∈ Ω 0 t n / ∈ Ω We can assume without loss of generality that the w n > 0 for all n, and it follows that the sequences t := (t n ), w := (w n ) obey the conditions:
(1) t is strictly increasing with no finite accumulation point.
(2) w ⊂ (0, ∞). Observe that (t, w) is a bandlimit pair, in the sense of Definition 2.1. Indeed, we will shortly prove that up to a constant, C, independent of n, w n = Ct ′ n = t ′ (n), where t is the spectral function of T Γ fixed by the canonical choice of deficiency vectors φ ± = b ∓i .
In this context Theorem 4.1 becomes: It is also easy to check that σ(M Γ ) = {t n } = {t ∈ R| Θ(t) = 1}, so that if t is the spectral function of T Γ fixed by the canonical choice of deficiency vectors, M Γ = T Γ 0 = T Γ (1), and σ(M Γ ) = {t n } = {t(n)}.
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Proposition 4.5. The weights w n of the purely discrete measure Γ obey w n = φ + 2 π t ′ n (0) = φ + 2 π t ′ (n).
If the atomic Herglotz measure Γ is normalized so that φ + 2 Γ = 1 as in Remark 4.3 then πw n = t ′ (n). In this case, setting t ′ = πw = (πw n ), the pair (t, t ′ ) is a normalized bandlimit pair, as defined in Remark 2.20.
Proof. An orthonormal basis of eigenvectors for M Γ 0 = M Γ is {φ n } where φ n (t) := w −1/2 n δ tn,t .
Expanding the deficiency vector φ + = b −i in this basis gives φ + = √ w n t n − i φ n .
The claim now follows from Proposition 2.19.
It follows that we can re-express the characteristic function Θ of T Γ in terms of the bandlimit pair (t, t ′ ): t = (t n ), t ′ = (t ′ n ) where t ′ n := t ′ n (0) = t ′ (n), t n = t(n) and t is the spectral function of M Γ fixed by the choice of deficiency vectors φ ± = b ∓i : Θ(z) = z − i z + i 
This yields a representation formula for meromorphic inner functions: Corollary 4.6. A function Θ on C + is an inner function with meromorphic extension to C (obeying Θ(i) = 0) if and only if there is a bandlimit pair of sequences t = (t n ), t ′ = (t ′ n ) so that Θ is given by the formula (26) .
If Θ is a meromorphic inner function vanishing at i then there is a phase function τ for Θ, Θ(t) = e i2πτ (t) ; t ∈ R, so that t n = t(n) and t ′ n = t ′ (n), where t = τ −1 , a spectral function for Θ.
4.7.
The multiplier between the local bandlimit and meromorphic model spaces. In the construction of Section 2, one begins with a bandlimit pair (t, t ′ ) and considers a self-adjoint operator T on some separable Hilbert space H so that the spectrum of T consists of simple eigenvalues at the points of t. Without loss of generality, assume that the bandlimit pair is normalized so that
We are also free to choose, for example, H = L 2 (Γ) and T = T Γ where Γ is the purely atomic Herglotz measure:
